We show that the so-called quantum probabilistic rule, usually introduced in the physical literature as an argument of the essential distinction between the probability relations under quantum and classical measurements, is not, as it is commonly accepted, in contrast to the rule for the addition of probabilities of mutually exclusive events. The latter is valid under all experimental situations upon classical and quantum systems. We discuss also the quantum measurement situation that is similar to the classical one, described by Bayes' formula for conditional probabilities. We show the compatibility of the description of this quantum measurement situation in the frame of purely classical and experimentally justified straightforward frequency arguments and in the frame of the quantum stochastic approach to the description of generalized quantum measurements. In view of derived results, we argue that even under experiments upon classical systems classical Bayes' formula describes particular experimental situations that are specific for context-independent measurements. The similarity of the forms of the relation between the transformation of probabilities, which we derive in the frame of the quantum stochastic approach and in the frame of the approach, based on straightforward frequency arguments, underlines once more that projective (von Neumann) measurements represent only a special type of measurement situations in quantum physics.
Introduction
In the physical literature on quantum physics there exists a commonly accepted opinion about the essential distinction between the probabilistic rules in the classical and the quantum measurement theories. In the light of this opinion, the so called quantum probabilistic rule (see, for example, [Heisenberg (1930) , Dirac (1995) , Feynman (1965) ]) (1) 2 1 2 1 3 cos 2 P P P P P θ + + = is put in contrast to the rule of the addition of probabilities (2) 2 1 3 P P P + = , representing mutually exclusive events. Another confirmation of the distinction between "classical" and "quantum" probabilities is usually found in the violation of Bayes' formulae for conditional probabilities, under the description of consecutive quantum measurements.
In the present paper we analyze such statements. We point out that, since we observe a quantum system by classical means, under any generalized quantum measurement the addition of probabilities of mutually exclusive events in the classical world is the main point and is included into the definition of a normalized positive operator valued (POV) measure, describing this measurement. We underline that the description of any quantum measurement incorporates not only the knowledge of a POV measure but also of a state of a quantum system at the instant just before a measurement. We show, in the most general settings, that the special form of the rule (1) is just connected with the fact that probabilities 2 1 , P P in (1) correspond to measurements, which are described by the same POV measure but carried out upon a quantum system, represented initially by different quantum states. That is why, the terms 2 1 , P P in (1) do not represent, under the corresponding measurement situation, the probabilities of mutually exclusive events in the classical world as well as they do not, in general, represent the probabilistic alternatives of situations in the quantum world. We present a collection of initial states of a quantum system, where, for any type of a generalized quantum measurement, the terms 2 1 , P P do really represent the probabilistic alternatives of situations in the quantum world and in this case the rule (2) is valid.
We analyze a quantum measurement situation, which is similar to the classical experimental situation, described usually by Bayes' formula for conditional probabilities. We consider the description of this quantum measurement situation in the frame of two different approaches, namely: (a) in the frame of the approach based on the straightforward frequency approach [Khrennikov (1999 [Khrennikov ( -2001 ]. This approach is valid for the description of both,, classical and quantum, measurement situations. The applicability of this approach in the quantum case is justified by the fact that, for processing of experimental data, obtained under an experiment upon a quantum system, the notions of classical statistics are used; (b) in the frame of the quantum stochastic approach [Loubenets (2001) ; Barndorff-Nielsen and Loubenets (2002) ], which can be considered as the generalization of the von Neumann approach [von Neumann (1932) ] to the case of all possible quantum measurement situations. For the considered quantum measurement situation, we point out, in particular, the quantum analog (see also in [Loubenets (2001-2) ]) of classical Bayes' formula. The compatibility of results, derived in the frames of both approaches, shows, in particular, that even under the description of consecutive measurements upon classical systems the use of classical Bayes' formula for the total probability is justified only for the special case of context independent measurements. Hence, the situation with the applicability of Bayes' rule under quantum measurements has no any connection with the argument "classical versus quantum".
On probabilistic alternatives under a quantum measurement
Let H be a separable complex Hilbert space of a quantum system S . Consider a generalized measurement upon S with outcomes ω in the classical world of the most general possible nature, represented as points in a measurable space ( F , Ω ). With respect to a measurement, the space ( F , Ω ) is called a space of outcomes.
Let this quantum measurement be described by a normalized measure
that are positive bounded linear operators on H . In the quantum measurement theory the measure ) (⋅ M is called a POV measure 2 .
Given a state ρ of a quantum system at the moment just before a measurement, the probability of the event that the outcomeω in the classical world belongs to a subset F E ∈ , is defined by the relation (3) )} ( {
This relation is wholly identical to the classical rule (2) of the addition of probabilities of mutually exclusive events.
Consider now quantum measurement situations, corresponding to the derivation of the quantum probabilistic rule (1). Specifically, let analyze the relation between the probability distributions (7) ) ; (
, under measurements upon a quantum system S , which are all described by the same POV measure ) (⋅ M , but where initial states 3 ,
It is easy to show that, in this case, for any subset λ " -the quantum system is in the pure state 1 ρ ,
λ " -the quantum system is in the pure state 2 ρ ;
• " ) 3 ( λ " -the quantum system is not in 1 ρ and not in 2 ρ ;
and elements of the POV measure, given by
In general, however, the third (interference) term in (11) is present. However, the opinion that this fact is in contradiction to the rule (2) has no any basis -since, under a measurement upon a quantum system, being initially in the state 3 ρ , given by (8), (9) The situation is, however, quite different in the case where a generalized quantum measurement, described by a POV measure ) (⋅ M , is carried out upon a quantum system S, represented initially by a density operator
being a mixture of some density operators . , 2 1 ρ ρ In this case, for , 
On the relation between conditional probabilities
Consider a quantum measurement situation which is similar to that under classical measurements, described by Bayes' rule for conditional probabilities. We proceed to analyze this measurement situation on the basis of two different approaches. Specifically:
• in Section 3.1, we use the quantum stochastic approach, formulated, for the description of general quantum measurements, in [Loubenets (2001) ; Barndorff-Nielsen and Loubenets (2002) ];
• in Section 3.2, we use the approach, developed in [Khrennikov (1999 [Khrennikov ( -2001 ], based, for measurements with different contexts, on purely classical straightforward arguments.
Notice that the latter approach is valid for both -classical and quantum measurement situations.
Quantum probability relation for conditional probabilities
For simplicity, we consider non-destructive quantum measurements "A" and "B", each having only two outcomes:
respectively, and represented by only one measurement channel [Loubenets (2001) ]. In this case, to quantum measurement "A" and "B", there exist defined uniquely (up to phase equivalence) families of bounded linear operators on H :
which give the complete statistical description of the corresponding measurements upon a quantum system S. The projective (equivalently, von Neumann) measurements corresponds to the special case where operators in (13) (or (14)) are mutually orthogonal projections, summing up to identity. Recall [Loubenets (2001) ] that, under the complete statistical description of a quantum measurement, we understand not only the specification of the probability distribution of outcomes of this measurement but also the specification of conditional posterior quantum states of S.
The elements ] [ ) (
of the quantum instruments 3 , describing measurements "A"
and "B", are given by
, and the elements of the corresponding POV measures are
Given an initial state ρ of a quantum system S, the families
represent unnormalized conditional posterior states of S, under the measurement "A" and the measurement "B", respectively. Due to (16) and (17), under the measurements "A" and "B", the probabilities of corresponding outcomes and the corresponding normalized conditional posterior states are given by
We now proceed to consider different measurement situations upon a quantum system S represented initially by a state 0 ρ .
The first measurement situation concerns a consecutive measurement -first "A "and then "B".
According to the notations, introduced in (13) - (18), under this consecutive measurement, the probability )} , {( j i b a P of the outcomes i a and then j b to be observed is equal to
for any 2 , 1 , = j i . Thus, the POV measure of this consecutive measurement is represented on
If, under this consecutive measurement, the outcomes of the first measurement " A " are ignored, then the probability ) ( j b P of the outcome j b is given by
Introduce the density operator
which is the unconditional posterior state of the quantum system S immediately after the "A" measurement in case where outcomes of the "A" measurement are ignored. From (19) - (22) we have:
We further refer to (23) as the quantum analog of Bayes' formula (see also in [Loubenets (2001- 2)]).
Consider now the second measurement situation where we have to describe only measurement "B" upon the quantum system being initially in the state 0 ρ .
In this case, due to (18b), the probability of an outcome j b , , 2 , 1 = ∀j is given by
Let now derive the formal relation between the probability ) ; (
, given by (24), and
, introduced by (19).
Using the normality relation (see in (13)) for operators 2 , 1 ),
, we can rewrite (24) in the form (25) )}].
Normalizing the second sum term in (25), we have
Introduce the parameters
Here each parameter is equal to the ratio of the probabilities of the same outcomes j i b a , but under different consecutive measurements, namely, "B then A" or "A then B". Then
The only restriction for the parameter j λ is given by: 
Substituting (31) into (27) and taking also into account the representation
, , we derive, that, for this special type of a quantum measurement,
Hence, in case of projective measurements, we can use the notation .
and, in this case, the relation (26) has the form (34)
and represents the quantum analog (23) of Bayes's formula. However, we underline once more that, in general, | | j λ may be more than one and, hence, may be represented as
We discuss this fact in detail in section 3.2.
Classical (frequency) probabilistic derivation of the quantum probability relation
In this section, we consider the relation between probabilities under the measurement situations, discussed in section 3.1, in the frame of purely classical probabilistic arguments, developed in [Khrennikov (1999 [Khrennikov ( -2001 ]. This approach is based on the analysis of the transformation relations, induced by transitions from one complex of physical conditions, context, to other complexes of physical conditions, used for preparations of ensembles of physical systems. The notion of context could be identified with the well-known notion of a preparation procedure (cf., for example, [Peres (1995) ; Busch Grabowski and Lahti (1995)]). By using purely classical probabilistic arguments, based on calculations of relative frequencies, we classify all possible transformation relations of probabilities that could be obtained due to transition from one context to other contexts. These transitions are performed by filtration procedures. In principle, these filtration procedures, while producing new contexts, can be considered as measurements over a statistical ensemble, prepared by the old context. Purely mathematical calculations demonstrate that, besides the classical Bayes' transformation relation (described by the formula of the total probability in conventional probability theory) and the quantum rule (1) there exists a new kind of probabilistic transformation, namely the hyperbolic one.
In the case of quantum measurements, the latter transformation cannot be obtained in the frame of the von Neumann measurement postulates [von Neumann (1932) ] but, however, as it was pointed out in section 3.1, it is inherent to the description of quantum measurements in the frame of the quantum stochastic approach.
Let consider a statistical ensemble S of physical systems (macro or micro), produced by some reparation procedure E . The total number of systems in S is equal to N. 
Denote also by S j (A) and S j (B), j=1, 2, the sub-ensembles of S with A i a = and B j b = , respectively, and let
Then ij n is the number of elements in the ensemble ) , ( A B S ij .
We would like to note that the "existence" of the property {A i a = and B frequencies will be used for the further probabilistic considerations, but, of course, they will disappear from final results (this could be experimentally verified).
Physical experience says that the following frequency probabilities are well defined for any physical observables A, B :
. Consider now statistical ensembles T i , i=1,2, of physical systems, produced by some preparation procedures i E . In the present paper we suppose that physical systems, produced by the preparation procedure E , pass through the additional filters i F , i=1, 2. In reality, this representation may induce the illusion that ensembles T i , i=1,2 should be identified with sub-ensembles S i (A) of the ensemble S. However, there are no physical reasons for this identification. The additional filter 1 F (and 2 F ) changes the properties of physical systems. For the ensemble S 1 (A) (and S 2 (A)), the probability distribution of the property B may differ from the corresponding probability distribution for the ensemble T 1 (and T 2 ), obtained by the filtration. Different preparation procedures produce different distributions of properties.
Our assumption on perturbation effects is very natural from the experimentalist (instrumentalist) point of view. This is the original viewpoint of [Heisenberg (1930) ] who underlined the role of perturbations under quantum measurements. Similar ideas were formulated in [Bohr (1935) ] who emphasized the role of experimental arrangements. The perturbation assumption implies that transitions from one context (complex of physical conditions), given by the preparation procedure E , to other contexts, given by the preparation procedures j E , j=1,2, produce statistical perturbations of properties of physical systems, see [Khrennikov (1999 [Khrennikov ( -2001 ] , for the detailed analysis of this problem.
Suppose that there are m ij systems in the ensemble T i , i=1,2, for which B=b j , j=1,2. Physical experience says that the following frequency probabilities are well defined:
Here we assume that an ensemble T i consists of n i a systems, i=1,2 and that n i a = n i a (N) → ∞, N→∞. In fact, the latter assumption is true if both probabilities, p i , i=1,2, are not equal to zero.
We remark that probabilities p ij =p Ti (B=b j ) cannot be, in general, identified with the conditional probabilities p S (B=b j /A=a i ). As we have noticed earlier, these probabilities are related to the statistical ensembles, prepared by the different preparation procedures, namely by j E , j=1,2, , and E . In our classical frequency framework we have: 
In fact, this third term in (42) depends on the statistical ensembles S, T 1 , T 2 , and
We note that, for all physical experiments, lim N→∞ δ i (N) exists. This is the consequence of the property of the statistical stabilization of relative frequencies for physical observables (in classical, as well as, in quantum physics). This property may be a peculiarity of nature or just a property of our measurement and preparation procedures (see [Khrennikov (2001) ], for the detailed discussion on this problem). However, in any case, we always observe that, under N→∞, → 0, N→ ∞ and this asymptotics implies the classical probabilistic rule for the total probability (Bayes' formula). In particular, this rule appears under all experiments in classical physics. Hence, the preparation and measurement procedures of classical physics produce ensemble fluctuations with asymptotics (47a). Suppose, further, that filters F i , i =1,2, produce relatively large (with respect to N) statistical changes in properties of systems. Then (47b) lim 1i δ i (N) = δ i ≠ 0, and, in this case, we obtain the probabilistic rules which differ from the classical one.
To study carefully the behaviour of fluctuations δ i (N) , we represent them as: In case of measurements upon classical objects all coefficients λ i are always equal to zero.
Under quantum measurements, the situation is, in general, more complicated. For commuting quantum observables A and B, the coefficients λ i =0. For non-commuting quantum observables, the coefficients | i λ | may, in general, be either (52a) 1 | | <
